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Abstract. In the framework of the thermodynamic of irreversible processes, Eulerian constitutive models for 

elastoplasticity in large deformation are proposed. A formalism of four-dimensional equations derived from the 

Theory of Relativity is applied to ensure the generality and covariance of the proposed models. The Lie derivative is 

also chosen as a true time derivative. 3D models are derived from 4D equations and compared with classical ones by 

applying it to the simulations of forming processes. 

1 Introduction  

Elastoplastic deformations play an essential role during 

forming processes. To develop a coherent constitutive 

model for elastoplasticity in the context of large 

deformation, the framework of the thermodynamic of 

irreversible processes is often chosen. Classically, the 

models are developed with the Lagrangean description 

[1]. In the present work, a direct Eulerian description of 

the physical events is proposed using the four-

dimensional description of the Theory of Relativity [2]. 
Consider the set of four coordinates: 

                        (           )  (     )    (1) 

where the time ( ), multiplied by velocity of light ( ), is 

added to the classical spatial coordinates and constitutes 

the fourth coordinate. This space-time description ensures 

by construction the covariance (frame-indifference) of the 

constitutive models [3]. The Lie derivative (  ) is also 
chosen to evaluate the variation with respect to time. It 

verifies covariance and thus material objectivity and 

corresponds also to a true derivative with respect to time 

contrary to the other objective transports [4]. The Lie 

derivative of the Eulerian strain tensor (e) equals to the 

rate of deformation (d). This operator is applied to the 

specific free energy from the 4D Clausius-Duhem 

inequality and to the stress and strain. Along with the 

additive decomposition of rate of deformation ( ) as: 

                                                  

2 4D models for elastoplasticity  

2.1 4D thermodynamics 

4D constitutive models for elastoplasticity are developed 

considering the conservation of momentum and energy, 

entropy and dissipations during the elastic and plastic 

deformations. To achieve such a goal, 4D 
thermodynamics for irreversible processes is thus 

systematically applied.  

 Following the 4D theory of fields, the momentum-

energy tensor (T) is used in the conservation equations of 

momentum-energy and entropy [5]. As the 4D Cauchy 

stress tensor ( ) is one part of (T), it is involved in these 

conservation equations. The constitutive equation, 

concerning the relation between the stress tensor ( ) and 

the kinematic tensors, can thus be obtained by the 4D 

Clausius-Duhem inequality. From the 4D Clausius-

Duhem inequality, one can obtain the reversible part i.e. 
the constitutive model for hyperelasticity: 

                                        (       )    (2) 

where ( ) is the 4D Cauchy tensor, (  ) the mass density 

in rest frame, (  ) the elastic Helmholtz specific free 

energy and (  ) the 4D Eulerian elastic strain tensor. At 
the same time, the irreversible part corresponds to the 

dissipations coming from plastic deformations and: 

                                          (      )      (3) 

where (  ) denotes the plastic rate of deformation. After 

maximizing this dissipation, it is possible to develop a 

constitutive model corresponding to plasticity with only 

isotropic hardening: 

                                                  (4) 

where ( ) is the plastic multiplier and (    ) the effective 

stress which leads to the yielding criterion. 

2.2 4D hyperelasticity part 

From equation (2) and a given elastic Helmholtz specific 

free energy (   ), a covariant constitutive model for 

elasticity is developed. A relation between 4D Cauchy 

tensor and 4D Eulerian elastic strain tensor is proposed: 

                                   (    )           (5) 

where ( ) is the metric tensor. 

A rate-form constitutive model is needed to be 

composed with its plastic counterpart, because the 

description of plasticity depends on the history of motion. 

To develop a rate-form equation, we derive the Lie 

derivative of both sides of equation (5). Then a rate-form 

constitutive model for elasticity is obtained as: 
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                                (    )          
      
⇒      

                                                  (6) 

where ( ) is a fourth rank tensor and is a function of 

stress, rate of deformation and metric.  

2.3 4D plasticity part 

Equation (4) represents the 4D version of classical 

associated flow theory for plasticity. Using a Von-Mises 

yielding criterion and the assumption of isotropic 

hardening, a constitutive model for plasticity can be 

obtained: 

                     (   ̇) (    
   

  
)   (7) 

where ( ) is the deviatoric part of the Cauchy stress, ( ) 

the radius of the yielding surface and (r) the cumulated 

plastic strain, which is chosen as an internal variable to 

characterize microstructural effects within the material 
during plastic motion. It can be proven that the rate 

 ̇ could correspond to any transport (objective or not) due 

to the fact that it is contracted with S to obtain a scalar 

quantity. 

2.4 4D Elasto-plastic model 

A constitutive model for elastoplasticity can be obtained: 

                                            (     )   (8) 

where     is given by equation 7. 

3 Numerical simulations  

The constitutive model (9) is projected into 3D by 

considering the spatial components of each 4D tensor: 
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Numerical simulations have been then performed to 

compare the above model with a model developed with 

the Lie derivative, but an irreversible elastic part: 
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and a model [6] using the Jaumann rate: 
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   )

    (11) 

 The calculations are performed with the software 

Zset® using finite element analysis. A bar is elastically 

loaded to obtain large deformations, at first with a torsion 

and then traction and eventually unloaded at last. Fig.1 

illustrates the results calculated with the different models, 

showing the distribution of Von-Mises stress in the bar 

when all the loadings are relaxed. At the end of the 

unloading, the bar is free of charge so that there should 

not be any stress, as shown in Fig. 1 (a). The model (10), 

which is derived from a 4D formalism with the Lie 

derivative, shows almost the same result as Fig. 1 (a), 

seeing Fig. 1 (b). This illustrate the argument that model 

(10) is reversible for its elastic part. However, with the 

two other models, calculations show residual stresses, as 
observed in Fig. 1 (c) and (d). Thus these two models are 

irreversible in elasticity. 

 

Figure 1. Distribution of Von-Mises stress though the bar at the 

end of the unloading, calculated with (a) the elastic model 
Eq.(3), (b) the Lie model with reversible elastic part Eq.(10), (c) 
the Lie model with irreversible elastic part Eq.(11) and (d) the 
Jaumann model Eq.(12). 

Elastoplastic computations are also performed. A 

short bar, presented Fig. 2 (a), is bended on the onset of 
plastic deformation, is presented Fig. 2 (b). The end of 

the loading phase is presented Fig. 2 (c)and the end of the 

unloading phase Fig. 2 (d). The value of the stress 

components (   ) and (   ) at one gauss point in one 

element, calculated with different models, are compared 

in Fig.3. 

  

  

Figure 2. Results of calculation at different steps of bending 

and unloading of a short bar. 

(a) (b) 

(c) (d) 

(a) (b) 

(c) (d) 
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Figure 3. Stress components (σ11) in (a) and (σ12) in (b) at one 
gauss point in one element, calculated with different models. 

4 Discussion and conclusion  

Constitutive models for elastoplasticity are proposed 

using a 4D formalism, 4D thermodynamics for 

irreversible processes and Lie derivative. Because all the 

tensors are inherently frame-indifferent within the 4D 

formalism, the models developed are thus frame-

indifferent. The 4D thermodynamics can guarantee the 

generality and coherence to the physical principles for the 
models. In addition, we take advantage of Lie derivative, 

as it is a 4D transport corresponding to a time derivative 

and invariant to the superposition. At last, a physically 

meaningful frame-indifferent and material objective 4D 

constitutive model for elastoplasticity has been 

successfully developed. 

 Unlike the classical models who usually consider a 

hypothesis of small elastic deformation [7], the 3D 
projection of the developed 4D model ensure the 

equivalence with hyperelastic model, leading to 

significant difference with classical models especially in 

large elastic deformation. Simulations of large plastic 

deformations are also realized with the 3D projection of 

4D models. However, further studies should be done in 

order to investigate the numerical features of this model 

in the simulation of forming processes. 
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