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Abstract. In this work, a new advanced simulation method for welding processes based on the Vademecum-

Generalized Finite Element Method (V-GFEM) and other Model Order Reduction techniques is proposed. This 

approach improves the performance of current methods, computing “off-line” prior parametric information (using 

Computational Vademecums) which enriches the approximation space. This allows us to greatly diminish the use of 

costly “on-line” adaptive techniques, such us adaptive mesh refinement. We demonstrate its performance for both the 

thermal and mechanical analysis of welding. 

1 Introduction  

Welding is a very complex process which involves a 

large number of physical phenomena that must be 

suitably modelled in order to be accurately simulated. 

Nowadays, these models are well established, but the 

computational efficiency of the simulations must be 
improved to meet the requirements of modern industries.  

In this work, we propose the Vademecum-GFEM (V-

GFEM) as an efficient global-local GFEM method 

suitable for simulating processes with localized physics 

such as welding and heat treatments.  

2 The Vademecum-GFEM  

The Vademecum-GFEM (V-GFEM) is composed of two 
main elements: the GFEM as the framework, and a 

computational vademecum [1] as the key ingredient for 

constructing off-line the optimal enrichment function.  

2.1 Generalized Finite Element Method at a 
glance 
 
Proposed by Melenk and Babuška [2] in 1995, the main 
idea of the GFEM is to introduce in the trial space the 

available information about the solution. Other related 

methods such as XFEM or PUMFEM are essentially the 

same [3]. 

When the partition of unity property is satisfied by a 

discrete approximation space, the approximation   of our 
solution can be enriched in a certain region, 
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where the first term is a traditional FEM approximation 

and the second one is the enrichment added. 

In this GFEM approximant, the set of nodes is 

represented by   and      is the subset of enriched nodes. 

The functions    are responsible for introducing the prior 
information we have of the solution, and therefore 

depend on the problem being solved. 

However, the main challenge in the construction of a 

GFEM solution is the selection of the set of enrichment 

functions. 

2.2 Computational Vademecum: a smart 
enrichment 

In the literature, analytical [4] and computational 

construction of the enrichment functions have been 

proposed [5]. Among them, global-local techniques [6] 
have emerged as an appealing strategy to construct 

GFEM formulations.  

 In this work, we explored an efficient development of 

this technique in which the local problem is completely 

precomputed off-line.  

To achieve this, in the V-GFEM, a computational 

vademecum is used to construct the parametric solution 

of the local problem. Moreover, in this parametric 

solution, technological and material parameters (         
   ) of the process can be included explicitly as they are 

treated as extra-coordinates of the problem. One 

possibility in constructing the vademecum is to use the 

Proper Generalized Decomposition (PGD) [1]. The PGD 

constructs an approximated solution as follows, 

 



NUMIFORM 2016 

   ∑   ( )

 

   

∏  
 (  ) 

 

 ( 2 ) 

 

When using this algorithm, one computes 

alternatively the problem involving the functions of a 

coordinate, assuming all the functions related to the 

remaining coordinates are known (calculated in the 

previous iteration). This implementation has proved to be 
very robust and computationally efficient. For details 

about how to construct this solution for a generic PDE the 

interested reader can consult [7] and the references 

therein. 

3 V-GFEM for welding simulation 

In welding simulation a weakly-coupled thermal and 

mechanical analysis is usually considered. This means 
that the mechanical analysis depends on the thermal one 

(the history of the temperatures and the metallurgy), but 

the thermal analysis can be performed independently. 

3.1 Thermal analysis 

An enrichment region is defined by attaching it to the 

moving heat source, since the important temperature 

gradients are localized around the area of incidence of the 

heat source at each instant. At each time, the nodes 

located at this region are enriched.  

First, in the off-line stage, a computational 
vademecum of the heat equation in the moving reference 

frame,    , is solved: 
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 The problem above is computed introducing the 

technological parameters of the process (            ), 

with          
      

    , and the essential boundary 

conditions,     ,  as extra-coordinates.   
∑      (  )

 
 , is an appropriate discrete functional space 

to represent the essential boundary conditions, with 

  (  ) their shape functions and          
      

     
their associated weights. This equation, when solved in 

an extended domain                         

using the PGD, leads to 
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 The geometrical domain,    , is equivalent to the 

enrichment region considered and attached to the source. 

Then, in the on-line phase, at the time step  , the 
global problem is solved in the reference frame of the 

global piece,  
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with the appropriate boundary conditions of the global 

problem. The solution is sought in an enriched discrete 
approximation space,  
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obtained after introducing the particularization of the 

vademecum as enrichment function in the enrichment 

region at that instant. In Eq.(6) there is only one 

enrichment function (    in the Eq.(1)) which is an 

advantage of the V-GFEM when compared with other 

GFEM strategies. Fig. 1 schematizes the presented 
strategy where the primary variable u is the temperature 

field, which is depicted in the figure. 

 

Figure 1. V-GFEM in a thermal problem 

 The V-GFEM allows us to obtain accurate results in 

coarse meshes, as can be seen in Fig. 2. 
 

 
Figure 2. V-GFEM vs FEM in a coarse mesh 

 
 3.1 Mechanical analysis 
For the mechanical analysis the off-line/on-line strategy 

of the V-GFEM is maintained, but the construction of the 

vademecum (off-line phase) is different.  

The vademecum is constructed in an extended domain 

consisting of the same enrichment region of the thermal 

problem (region    in Fig. 3) and an appendix region 

situated in the rear, where all the material points have 

mostly completed their thermal cycle (region    in Fig. 

3). This amounts to the completion of the part of the 

thermal cycle that causes the plastic deformations and 

phase changes.    

 

U = Temperature 
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Figure 3. Enrichment strategy for the mechanical analysis 

 

In this extended enriched region,            the 

thermo-elastoplastic problem with parametric essential 

boundary conditions,    , is solved: 
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where    are the internal stresses in which the thermal 
stresses and plastic deformations are included. Because it 

is an elasto-plastic problem,    ( ) is not a linear 

relation which involves the entire history of the 

deformation.  
Moreover, this problem must be precomputed for any 

possible thermal history on this extended domain (for a 

given family of welding processes). To accomplish this 

task, the thermal history must be parametrized by using, 

for example, the coefficients    of its projection in a 

reduced basis   : 
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Thus, the parametric solution is sought in the 

following form, 
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Using the above displacement vademecum, the 
stresses in the region could also be obtained in a 

parametric form: 
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Finally, in the on-line phase, after knowing the 

thermal history (through the coefficient of the reduced 

basis), the global thermo-mechanical problem is solved, 
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where the internal force at the right hand side is given by 

the particularization of Eq.(10). The approximation space 

reads, 
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where the particularization of Eq.(9) provides the 

enrichment function.   

 It should be noted that in order to obtain a correct 

solution for the global problem, any node that has been 

enriched should remain enriched during the entire 
simulation. This is an important difference with regards 

to the thermal analysis, where only the nodes around the 

current position of the source are enriched at each time. 

 At time   , the welding line is enriched in the region 

  and    with the particularization of the vademecum 

(Eq. (9)) at   , and the regions     ,     ,···,    with 

the particularization of the vademecum (region   only) at 

time    ,    ,···,     (Fig. 3). 
 Results of the V-GFEM for mechanical analysis are 

still a work in progress. 

4 Conclusions 

The V-GFEM is a promising development of the global-

local GFEM strategies where a computational 

vademecum is introduced to dramatically diminish the 

computational cost in the online phase. It is particularly 
suitable in those processes where localized phenomena 

occur, such as welding or heat treatment processes.  
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