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Abstract. Multigrid methods are known for their asymptotic efficiency when solving large linear systems. The 

developed hybrid method is based on both a geometric approach, by generating different levels of meshes, and on an 

algebraic formulation by using the Galerkin approach to generate coarse matrices. Generation of grids, operators and 

matrices is fully automatic and compatible with remeshings and parallel computing. Resulting multigrid solver is 

integrated within the FORGE® package and its efficiency is validated on bulk forming problems..  

1  Introduction  

Multigrid methods have been mainly developed and used 

for solving fluid dynamics problems. They have been 

extended from finite volume formulation to finite 

elements ones. The asymptotic optimal efficiency of 

these methods is very promising.  

Previous studies have focused on the use of multigrid 

solvers to face high computation time resulting from 

large solid mechanics problems.[1-3] 

This work is motivated by the extended needs of 
accuracy in metal forming computation leading to large 

computational problems and then very high computation 

time. The industrial software FORGE®, being based on a 

mixed tetrahedron finite element formulation, is using a 

minimal residual gradient linear solver preconditioned by 

an incomplete Cholesky decomposition. The asymptotic 

convergence of such a solver is O(N3/2). Refining a 3D 

mesh by 2 in all the directions, results in increasing the 

number of degrees of freedom by 8. It leads to a 20 times 

more expensive system resolution. Switching to a 

multigrid preconditioner allows us to hope for an almost 

optimal O(N) behaviour and a consequent serious 
decrease of computation time. 

Taking into account that the first way of dealing with 

large problems is parallel computing, the developed 

multigrid method has to be fully compatible with the 

chosen parallel strategy of FORGE® based on SPMD 

(Single Program Multiple Domains) paradigm and 

geometrical domain decomposition. 

The new preconditioning technique has also to be 

used in industrial software. It means that it has to be a 

black box like method, compatible with the automatic 

remeshing procedure [4]. 

2  Multigrid method 

2.1  Multigrid preconditioner 

A multigrid method is based on the smoothing quality of 

some iterative methods like Gauss Seidel or Jacobi. 

These solvers exhibit the property of reducing the high 
frequencies contributions of the error in the first 
steps.  
 

 

Figure 1. Multigrid cycle. 

 
Multigrid methods use this property and replace 

the following steps with a resolution of an equivalent 
problem on a coarser grid to reduce the low 
frequencies components of the error. Coming back on 
the reference level some additional smoothing steps 
can be done. This method can be extended recursively 
to more levels by replacing the coarse resolution by 
smoothing steps and additional coarse level 
projection. The cycle is composed of the pre 
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smoothing steps, coarse projection and post 
smoothing steps, see figure 1. 

Multigrid preconditioner is based on the use of one 
or several cycles of a multigrid method. 

2.2  Hybrid method 

Multigrid methods are based on solving several linear 

systems on different levels of grids/meshes. The way to 

generate these systems leads to a classification in 

algebraic or geometric method. 

2.2.1 Algebraic multigrid method 

In algebraic methods all the coarse systems are generated 

from the nominal matrix to inverse. Starting from the 
matrix, the interpolation or projection operator is defined 

by analysing the strength of coupling between nodes or 

degrees of freedom according to the matrix terms. The 

coarse matrix is then defined by using the Galerkin 

relation (1). 

AH =Ph
H Ah PH

h                                  (1) 

where AH and Ah are the matrix of the coarse and fine 

problems, PH
h is the interpolation operator. PH

h is often 
defined as the transposed of PH

h. 

2.2.2 Geometric multigrid method 

On the contrary geometrical approaches are based on 

building the coarse level matrices by considering the 

problem on different meshes. The transfer operators are 

based on the geometrical interpolations over the meshes. 

2.2.3 Hybrid multigrid method 

The originality of our approach relies on a mixed 

approach.  

 Different levels of meshes are automatically built 

from the coarse initial mesh. Those meshes are fully 

independent.  

 Transfer operators are then computed by 

interpolating nodes of the fine mesh on the elements of 

the coarse one figure 2. 

 The coarse matrix is computed by using the 

Galerkin relation (1). 

This method efficiency highly relies on the capability 

to efficiently generate several meshes on a given domain 

and to quickly evaluate the transfer operators. As 

previously mentioned, compatibility with parallel 
computing is also important to cumulate the speed up 

from both the multigrid solver and the parallel approach. 

 

 

Figure 2. Interpolation operator 

3  Parallel computation 

FORGE® is a parallel finite element software dedicated 

to metal forming simulation. Parallel strategy is based on 

geometrical domain decomposition and is compatible 

with automatic remeshing needed to deal with large 

deformations of domains. 

Multilevel mesh generation required by multigrid 

method is then based on the following approach. 

Coarsening is first done on each core, keeping the parallel 
interface unchanged. Then interfaces are moved and the 

coarsening operator is activated on the new domains 

including previous interfaces. Finally, a load balancing 

operation provides an equilibrated repartition of dof. The 

procedure is illustrated on a 2D example in figure 3. 

 

 

Figure 3. Parallel coarsening procedure 
 

 

Interpolation operator construction uses the projection 

of fine nodes on coarse elements to associate nodes to 

cores (figure 4). 
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Figure 4. Repartition of nodes between cores 
 

4  Results 

The developed solver is applied to the F.E. simulation of 

a compression of a cylinder between flat dies. A 3 levels 
mutigrid method is used. The intermediate and coarse 

grids are computed automatically from the fine one. The 

simulation is first launched sequentially and then on 2, 4 

8 and 12 cores. The load balancing of the problem can 

be verified with the number of nodes of each grid on the 

cores (figure5). 

 

A  

B  
Figure 5. Load balancing between the domain meshes for a 4 
cores computation – A Fine grid, B coarse grid 

 

The CPU time for the resolution of one linear system 

of the 680 000 nodes fine grid problem is tested. The 

obtained CPU time and acceleration factor are 

respectively plotted in figures 5 and 6. 

 

Table 1. CPU time for the system resolution of 2.7 million of 
dofs with an incomplete factorisation preconditioner and a 
multigrid one 

CPU (s)  1 core 2 cores 4 cores 8 cores 12 cores 

CR+IC 2546 1144 385 264 170 

CR+MG 931 400 197 114 87 

 

 

 

Figure 6. Acceleration factor for the system resolution with an 
incomplete factorisation preconditioner and a multigrid one 

 

The multigrid method exhibits an acceleration factor 

of more than 2.This efficiency is observed up to 12 cores.  
The simulation of the compression test can be carried out 

until a very high percentage of deformation (figure 7) 

activating automatic remeshing for all levels of meshes. 

 
 

Figure 7. Final punching configuration (fine and coarse grid) 

 

The results are quite promising. The application to 
more complex metal forming configurations has to be 

tested and evaluated. 
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