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Abstract. The efficiency of any numerical scheme measures on the accuracy of the scheme and its computational time. An efficient 

meshfree augmented local radial basis function (RBF-FD) method has been developed for steady incompressible Navier-Stokes 

equations in spherical geometry with unbounded domain. The axi-symmetric spherical polar Navier-Stokes equations are solved 

without using transformation. The non-linear convective terms are handled efficiently by considering upwind type of RBF nodes. 

The developed scheme saves around 50% of the CPU time than the usual RBF-FD method. 

1 Introduction 

The increasing use of computational fluid dynamics 

(CFD) for engineering design and analysis demands 

highly efficient solution methods. The discretization of 

numerical methods for solving elliptic Navier-

Stokes(N-S) equations generally results in solving a 
system of algebraic equations. If the number of 

unknowns are large, solving by a direct method, such as 

Gaussian elimination, can be inefficient. Therefore, 

iterative methods like point Gauss-Seidel and line 

Gauss-Seidel are used to solve the huge linearized 

system of equations.  

For better convergence of the iterative methods, a 

good initial solution is essential. It was also found that 

Gauss-Seidel iterative method is effective for the first 

few iterations and then the error elimination process 

becomes slow. It is well known that RBF based 
methods suffer from high computational cost compared 

to conventional mesh based methods. The calculation of 

RBF weights corresponding to the neighboring particles 

of a data point, requires expansive square root and 

matrix inversion processes. Moreover, the calculation of 

derivative approximation at a given order of accuracy 

usually requires more number of neighboring 

particles(or nodes) for meshfree methods in an irregular 

grid than for finite difference method(FDM) on a 

cartesian grid. As a result, the bandwidth of matrices 

representing the governing algebraic equations greatly 
expands in case of meshfree methods [1,2]. Therefore, 

the iteration process gets slowed down due to the 

relatively dense matrix equations and the computational 

efficiency is reduced. At the same time, meshfree 

methods have the advantage of handling complex 

geometries efficiently.  

However, generation of an efficient mesh, which 

could ensure accurate results, is generally a tedious and 

time consuming task in the cartesian grid. To make the 

numerical scheme efficient Ding et al.[1]combined the 

conventional FD scheme with meshfree least square 

based finite differences(MLSFD). In a similar manner 
Javed et al.[2] used a hybrid scheme which combines 

RBF-FD with conventional FD schemes. The aim of the 

paper is to develop an efficient RBF-FD method to 

reduce the overall CPU time for solving Navier-Stokes 

equations in spherical geometry without using any 

transformation.  

2 RBF-FD formulation for axi-

symmetric curvilinear coordinates with 

model problem 

 Given a set of   distinct data points (     ) and 

corresponding data values     j=1,2,...,n, the augmented 

RBF interpolant for axi-symmetric spherical polar 

coordinates is given by  
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of all  -variate polynomial with degree less than or 

equal to  ) and  (     )    .  For solving the linear 

system    extra conditions are required. The extra 

conditions are chosen by taking the expansion 

coefficient vector      orthogonal to   ( 
 ). The 

Lagrange form of RBF interpolant is required to derive 
the differential operators by using neighborhood points. 

The Navier-Stokes equations in vorticity-stream 

function form as 
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where   and   are the vorticity and stream functions, 

   is the Reynolds number defined as          ,   

is radius of the sphere and   is kinematic coefficient of 

viscosity,    uniform free-stream velocity,    and 

   are the non-dimensional radial velocity and 
transverse velocity which are defined   

                      
 

      

  

  
    

  

     

  

  
  

The boundary conditions to be satisfied are  

 on the surface of the sphere (   )  
  

  
 

    
  

    

   

   
. 

  at large distances from the sphere (  

 )   
  

 
         . 

 Along the axis of symmetry   (      
  )          

Upwind model supporting nodes is applied for 

convective terms to achieve the results at higher far 

fields and for high Reynolds numbers. The procedure of 

developed scheme is  

1. Solve the model problem in the coarsest set of nodes 

until convergence using RBF-FD method. 

2. Inject the solution obtained in the coarsest grid to the 

next finer set and additional points can be obtained by 

interpolation using RBF-FD method.  

3. Using this as starting solution, achieve convergent 

solution in the finer grid. 

 4. Repeat the above procedure for the next finer set and 

so on until the finest set and achieve convergent 

solution in the finest grid.   

 The drag coefficient for       is        (  
    ) which is numerically agreement with literature 

values [3-5]. The developed scheme saves more than 

    in simple convection diffusion equation and     

in the model problem presented in Table 1. 

Table 1: Effect of efficient model combined with RBF-

FD in N-S equations. 

No. Of 

steps 

Finest 

nodes 

Coarsest 

nodes  

CPU 

Time(M) 
  

1 129x129 129x129 13.17 - 

2 129x129 65x65 8.72 33.79 

3 129x129 33x33 8.64 34.4 
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